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1. Introduction

Differential equations with involution appear in mathematical models of ecology, biology, and population
dynamics (see, e.g, [1]-[7] and the reference given therin).
Our goal in this paper is to investigate the boundedness of the solution of the initial value problem for the second
order ordinary differential equation with involution

y'(®) = f(t,y(@),y(u(t)),t € = (—00,),y(ts) = yo,¥'(to) = ¥o- (1)

Here and in future u(t) is involution function, that is u(u(t)) = ¢, and ¢t is a fixed point of u. Problem (1) does
not seem to yield directly to any techniques that for ordinary differential equations without involution term can
be used them in (1). Therefore, we consider the second order linear differential equations with involution. We
obtain equivalent initial value problem for the fourth order ordinary differential equations to the initial value
problem for second order linear differential equations with involution. Theorem on stability estimates for the
solution of the initial value problem for the second order ordinary linear differential equation with involution is
proved. Finally, Theorem on existence and uniqueness of bounded solution of initial value problem for the
second order nonlinear ordinary differential equation with involution is established.

2. Linear ordinary differential equation with involution

Let C*[I] be set of all differentiable functions for all degrees.
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Theorem 2.1. Let u(t) be a continous function that it is own inverse on an open interval I,u € C*[I], and
to € I be a fixed point of u. Let yy be any real number and each of a(t), b(t) be a function of class C* on I,
such that b(t) does not vanish on the interval I, then the problem

y () =a®)y®) + bO)y(—t) + (), € Ly(0) = ¢,y (0) = 2)
is equivalent to the following problem for the fourth order ordinary differential equation
(YO =p®y®) +q®)y O +r@®)y O +FO),t€l
¥(0) =9,y (0) =1,
y"(0) = a(0)p + b(0)p + £(0),
y"(0) =[a"(0) + b (0] + [a(0) — bO)Y + £ '(0),

3)

where
P =0~ - - 0k
a® =20 -5
r(t) = —2“;2’%”2 + "b(—g) ta(t),s(t) = ﬁt)
and

o 2'wre b o ® "

The proof of Theorem 2.1 is based on approaches of proof of Theorem 1 of paper [?] on the first order linear
differential equation with involution.
Now, we consider the initial value problem

y" (0 =by(=t) + ay(®) + f(©),t €1, y(0) = 9,y'(0) =y 0
for the second order involutory ordinary differential equation. We are interested in studying the stability of
problem (4) on I. In general cases of a and b the solution of (4) is not bounded on I. Applying Theorem 2.1, we
get the equivalent initial value problem

Yy () + (a% — bAy(t) — 2ay " (t) = F(t),
F(t)=—af() + bf(—t) +f (O),t €1,
y(0) =9,y (0) =1,

y (O=0®+a)e+f0),y (0)=(b+a)y+f'(0)
for the fourth order ordinary differential equation. We will obtain the solution of problem (5). Substituting m =

a? — b? inequation y¥(t) + (a? — b?)y(t) — 2ay ”(t) = F(t), we get

®)

(YO© +my@®) —2ay" (®) = F (1),
F(t) = —af(t) + bf(—t) + f ()t €1,
y(0) =9,y (0) =1,

y (0)=0B+a)e+f(0),y (0)=(=b+a)+f'(0).
Using Laplace transform, we get

sy (s) — s3y(0) —s2y (0) —sy (0) =y (0) + my(s) — 2a(s2y(s) — sy(0) —y (0)) = F(s)
or
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(s* = 2as” + m)y(s) = (s* = 2a5)y(0) = (s* = 2a)y ' (0) =5y " (0) = y""(0) = F(s).
Therefore, using initial conditions, we get

_ (s3-2as)¢ s?—2a
y(S) T st—2as2+m 54—2a52+ml’b (6)
N
ez (Pt )9+ f(0)
(=b+a)p+f'(0) F(s)
+ st—2as2+m t s4—2as2+m’
Since s* — 2as? + m = s* — 2as? + (a + |b|)(a — |b]) = (s — (a — |b]))(s% — (a + |b])), we get
_ (s3-2as)¢p s?—2a
y(s) ~ (s2=(a—|bD)(s2—(a+|b]) s4—2a52+mlp
N
T @@y (O T D9+ 0D
(=b+a)p+£'(0) F(s)
(s2=(a=IbD)(s2=(a+IbD)) = (s2=(a-IbD)(s2=(a+IbD)’
It is easy to see that
1
(s2=(a—|bD)(s?=(a+Ipl)) 7
_ _L[ 1 _ 1 ]
2|p| Is2~(a~Ipl) ~ s?-(a+|bh)
Applying the indeterminate coefficients method for fractions, we get
s3-2as _ As+B Cs+D
s4—2as2+m  s2—(a-|b]) = s2—(a+|b])’
Then
s3—2as = (As + B)(s? — (a + |b])) + (Cs + D)(s* — (a — |b])).
Equating the coefficients sk for k = 0,1,2,3, we can write
A+C=1,B+D=0,
—A(a+|b]) = C(a —|b]) = —2a,
—B(a+ |b|) —D(a—|b|) =0.
Solving this system of algebraic equations, we get
_ _ __a+|b| _ a—|b|
B=D=0A= 260 C = "m0
Therefore,
s3-2as _ a+|b| s __a-|b| s ]
s4—2as2+m?  2|b| s2—(a—|b|) 2|b| s2—(a+|b]) ®)
From formula (7) it follows that
S ©)

(s?=(a-|bD)(s?~(a+|b])

1 N N
" 20b] [s2—<a—|b|) - s2—<a+|b|>]'
Using formulas (7), (8), and (9), we get
a+|b| s _ a—|b| s

y(s)z[zm s?—(a-pl)  2b sz—(a+|b|)](p
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1 1 1
* 2 [s2—<a—|b|) - s2—<a+|b|>] ¥

+ﬁ [52—(:—|b|) - 52_(;+|b|)] (b +a)p +£(0)

_ﬁ [52—(;—|b|) - sz—(;+|b|)] (f'(0) + (=b + a)y)

1 1 1
BET]] [sz—(a—lbl) B s2—(a+|b|)] Fs).
Taking the inverse Laplace transform, we get

__|a+lbl ;¢ s _a—lbl -1 s
¥ = [Zlbl L [52—(a—|b|)] 2|b| L [sz—(a+|b|)]](p

] G e [m]] ¥
+ [L‘l oy | RO [m]] 315 (0 + Q9 + £(0))

o 1 el = 1 ]| @+ b aw)

_L -1 F(S) 71 F(S)
2|b|[L [52—(a—|b|)] L [sz—(a+|b|) ]

There are three cases: a+ |b| >0,a— |b| <0anda+ |b| >0, at|b| <O0. Let a + |b| > 0.Then, putting
a + |b| = ¢?,¢ > 0 and applying formulas

_ [ 1 1.
L1 [Szicz] = cosh(ct),L™?! [52_02] = —sinh(ct), (10)

we get the exact solution of equivalent problems (4) and (5) by formula

y(t) = [a;:l]l cosh (\/a——lblt) — az_”ljl cosh (w/a + Iblt)] ® (11
+ﬁ[\/%|blsinh (\/a - |b|t) - \/(%lblsinh (\/a + |b|t)] V)
+ [cosh (w/a - Iblt) — cosh (w/a + Iblt)]%((b +a)ep + f(0))
. [ﬁsinh (Ja—Tolt) - —=sinh (Va+ |b|t)] (F'(0) + (—b + a))
i ssin (Va=Tolcc - »)

L [y sinh (Va+ 1 = )| (~af ) + b=y + £ 09)d.
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Since cosh(ct) and sinh(ct) are not bounded functions on I, in general, we can not obtain stability estimates of
the solution for problem (4) for this case.
Let a & |b| < 0. Then, putting a + |b| = —c?, ¢ > 0 and applying formulas
-1 N _ -1 1 _ l .
L [s2+c2] = cos(ct),L [s2+c2] = - sin(ct), (12)

we get the exact solution of equivalent problems (4) and (5) by formula

y(t) = [a+|b| cos (\/a - |b|t) - a2_|LI|]| cos (\/a + |b|t)] ) (13)

2|b|

+ [cos (,/a - |b|t) — cos (,/a + |b|t)] 2151 (b+a)p +£(0)
+ﬁ[ﬁsin(\/a— |b|t) —\/%lmsin(\/a+ |b|t)]1,b

—ﬁ[ﬁsin(w/a—lblt) msm(w/a+|b|t ](f (0) + (=b + a))
—ﬁ Ot [‘/ai_lmsin(w/a— |b|(t—y)>

—m=sin(Va+ b1 - )| (~af &) + b (=3) + £ " 0))dy.

Since cos(ct) and sin(ct) are bounded functions on I, we can obtain stability estimates in this case for the
solution of problem (4). Note that a & |b| < 0 is not true for a = 0. Therefore, in this case we must put a < 0. It
is clear that from a + |b| < 0 and a < 0 it follows |b| < |a| fora < 0.

Leta — |b| > 0 and a + |b| < 0. Applying formulas (10) and (12), we get

y() = [az—?cosh(\/a —bt) — az—;bcos(\/a + bt)] @
+[cosh(Va — bt) — cos(Va + bt)] %((b + a)p + f£(0))
sinh(\/a — bt) — ﬁsin(\/a_-i-bt)] V)

1 1
+ % [\/a—b

a—>b

1 1 .
~ 2bVa-b
———=sin(Va+bt)| (f'(0) + (~b + a)yp)

1
~wh T

fot sin (Va +b(t— y)) F(y)] dy

——sinh (\/aT(t - y)) F(y)dy

T
fora— |b| < 0and a + |b| > 0 and
y(t) = [—cos(\/a— t)——cosh(\/a+ t)]
+[cos(\/a - t) - cosh(Va + t)] —((b +a)p + £(0))
+ % [\/% sin(vVa — bt) — ﬁsinh(\/a + bt)] Y

— == sinh(Va — bt) ——==sin(va + bt)| (f'(0) + (~b + a)y)
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1

-2 OFSlnh(Va— (t—y))F(y)dy

1t .
_mfo sin (Va +b(t - y)) F(y)] dy
fora + |b| < 0 and a — |b| > 0. Since cosh(ct) and sinh(ct) are not bounded functions on I, in general, we

can not obtain stability estimates of the solution for problem (4) for these cases.

Theorem 2.2. Assume that |b| < |a|, a € (—o0,0). Then problem (4) is stable and the following stability
estimate holds

sup|y(t)| <— 25 [|a + |b|| + |a - |b||]|<p| +— D] [|a + blle| + 2|£(0)]]
1 1 1 ,
+M[Ja_—|b|| + |m|] [21f"(0)] + la — bllyl]

o[l + 2]
locil ﬁ| . ﬁ” [7 1FOo)ldy

+ 5 [[Va=TB1| + [Va+TbI)| S22, 1F o lely.

The proof is based on formula (13) and the triangle inequality.

3. Nonlinear ordinary differential equation with involution
We consider the initial value problem
y (O =by(=0) +ay(®) + f(,y(©),y' (D), t € Ly(0) = 9,y (0) = 9 (14)
for the second order nonlinear involutory ordinary differential equation. We are interested in studying the
existence and uniqueness of bounded solution of problem (14) on I. In general cases of a and b the solution of
(14) is not bounded on I.We will applied a fixed point theorem.
Let CW(I) be the metric space of all continuously differentiable functions defined on the interval I with the

metric d defined by

dx (f) dy(t)

d(x,y) = suplx(t) = y(©)] + sup |2~ 2

Note that € (T) is the complete space. This is first condition of a fixed point theorem in metric space (see, [9]).
Theorem 3.1. Assume that |b| < |a|,a € (—,0) and f is continuous and bounded function on the region
P={(t,xy);—o<t<o|lx—¢@|<My—-y| <M}

and f(0,9,¥) =0, f;:(0,¢,¥) = 0. Suppose that f satisfies a Lipschitz condition on P with respect to its
second and third arguments, that is, there is a constant [ such that for (¢, x,u), (t,y,v) € P

If(t,x,w) = f(&,y,v)| < I(lx = y| + [u—v)). (15)
Then, initial value problem (14) has a unique solution y € € (1).
Proof. The procedure of proving theorem on the existence and uniqueness of a bounded solution of problem
(14) is based on reducing this problem to an integral equation

y(©) =Ty(t), (16)

Ty(t) = [a;lllﬁl cos (w/a - Iblt) —az_l—llﬁlcos (w/a + Iblt)] )

where
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+[cos (a —Tble) — cos (a + [blt) | 756 + @)
5 e (Va = TB1e) = gpsin (Va +1010)|
T sin(Va+ Ble) | -+ ayy
~anh [z (Ve Pl =)

Tim sin (Ja + |b|(t — s))
X [—af(s,y(5)),y'(s)) + bf (—s,y(s)),y'(s))]ds
450 [a=Tblsin (\/a— b](t —s))

—Ja+ |b|sin (w/a + |b|(t — s))] f(s,v(5)),y'(s))ds.

The proof of equation (16) is based on the formula (13). Note that intergal form is a Volterra type integro-
differential equation of the second kind. Therefore, the recursive formula for the solution of problem (14) is

100 = 80 co (T TBI) e (T ) o
oo (Ja ) os (YT By + v
ol (V) - g (T

_\/%Iblsm (\/a + |b|t)] (=b+ a)y,

t

9/ = ¥ = 53y [ sin (Va = b1 = )
- sin(Va+ Bl(e -5)
X [~af (5,3,-1()), ¥j-1(8)) + bf (=5, %j-1(5)), ¥}-1 (s))]ds
450 [a=Tblsin (\/a bt — s))
—Ja+ Tblsin (a+ b1t = )] £(5,3-1 (D) ¥j-2 (D)ds, j = 1 (17)

According to the method of recursive approximation (17), we get

y() = yo(©) + X720 [yj+1 () — ;@] (18)
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We have that

Vi () = y;(t) = _ﬁfot [\/ai_lblsin (w/a — |b|(t — s)) - _ai“,l sin (w/a + [bl(t - s)) (19)
X [—a[f(s, Yj(s)):Y;(S)) —f(s Yj—l(s)):yf—l(s))] + b[f(—s,y]-(s)),yf(S)) —f(=s, Yj—1(5)):yf—1(s))]] ds
+ﬁf0t [\/a — |b|sin (\/a — |bl(t - 5))

—Ja+Tblsin (Va+ 11 = )] [/ 536D, 7)) = 5751, ¥ -1 (5H]ds:
Therefore, applying the triangle inequality, formula (19) and Lipschitz condition (15), we get
tl
[yi+1(®) — y;(®

! / | ! !
Vi1 (®) —yj (O] M@ D[, [[y;() =y ()| + [y () = yj_1(5)]]ds (20)
for any t € [ and j = 1. Moreover, applying the triangle inequality, we get
|y0(t)|: |y6(t)| < Ml(a' b,(p,l,l)), (21)

[y1(®) = Yo O 1y1(8) = yo(O)] < My (a, b)t], (22)
for any t € I. Applying estimates (20) and (22), we can prove that
’ ’ ittt
9418 = %O yf2(®) = yj(O)] < [4M(a, b)IMa(a, b)Y £ =; (23)
for any t € I and j = 1. Therefore, applying the triangle inequality, formula (18) and estimates (20) and (23), we
get

’

’

[y(®) =y @1y @) = ya (O] < XjZnia [4M(a, b)IM,(a, b)]j(

|t|j+1
- 0n—- o
j+1)! ’ ’

. |t|j+1

YOL Y (O] < My(@,b, 9, 1) + My(a, bIe] + T2y [4M(a, )My (a, D)
for any t € I. Theorem 3.1 is proved.

4. Conclusion

In the present paper, the initial value problem for the second order differential equation with involution is
investigated. We obtained equivalent initial value problem for the fourth order ordinary differential equations to
the initial value problem for second order differential equations with involution. Theorem on stability estimates
for the solution of the initial value problem for the second order ordinary linear differential equation with
involution is proved. Theorem on existence and uniqueness of bounded solution of initial value problem for the
second order ordinary nonlinear differential equation with involution is established. Moreover, applying the
result of the monograph [8], the two-step stable difference schemes for the numerical solution of the initial value
linear and nonlinear problems (4) and (14) for the second order linear and nonlinear differential equations with
involution can be presented and studied.
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